We study the interplay between quantum Hall ordering and spontaneous sublattice symmetry breaking in multiple Chern number bands at fractional fillings. Primarily we study fermions with repulsive interactions near half filling in a family of square lattice models with flat C=2 bands and a wide band gap. By perturbing about the particularly transparent limit of two decoupled C=1 bands and by exact diagonalization studies of small systems in the more general case, we show that the system generically breaks sublattice symmetry with a transition temperature Tc > 0 and additionally exhibits a quantized Hall conductance of e 2 /h as T → 0. We note the close analogy to quantum Hall ferromagnetism in the multi-component problem and the connection to topological Mott insulators. We also discuss generalizations to other fillings and higher Chern numbers.
I. INTRODUCTION
The lowest Landau level plays host to a variety of interesting quantum Hall (QH) phases which are associated with the integer and fractional quantum Hall effects. These arise in 2d electron gases in a high magnetic field when the electron density is low enough that one or a few of the lowest Landau levels are fully or partially filled. Under these circumstances, details of the periodic potential from the crystal lattice play little role in the physics and can effectively be captured in a single parameter (the effective mass for semiconductor heterostructures or the velocity of the Dirac fermions in graphene) . In multicomponent QH systems at integer fillings, ground states that have topological order and also spontaneously break symmetries can arise -a phenomenon termed QH ferromagnetism (QHFM) 1, 2 . An important feature of such states is that the broken symmetry can persist to nonzero temperatures even as quantum Hall order is lost, as in the celebrated case of bilayer systems at filling factor ν = 1 3 .
Topological bands where the periodic potential does play an important role have been another area of intense recent interest. These include the Z 2 invariant bands in topological insulators (which are associated with time reversal symmetry) which have arguably garnered the most interest 4 . Apart from these, topological bands in 2d also include Chern bands which arise when time reversal symmetry is broken and are close analogs of Landau levels 5 . The analogy is especially close in the case where the band dispersion is minimal compared to the other energy scales in the problem. Under these circumstances, fractionally filled Chern bands have been shown to host precise analogs of Landau level fractional QH phases [6] [7] [8] [9] [10] [11] [12] . While flat Chern bands with C = 1 share the same global topological invariant, the details of the constituent wavefunctions are considerably different, as for instance reflected in their quantum band geometry 12 .
In this paper we study analogs of quantum Hall ferromagnets in fractionally filled Chern bands, specifically in Chern bands with Chern number C > 1. These are states that exhibit topological order at T = 0 and discrete symmetry breaking for 0 ≤ T ≤ T c , specifically they break discrete sublattice symmetries. As such they generalize recent theoretical work in the quantum Hall effect wherein a discrete global symmetry acts simultaneously on an internal and a spatial degree of freedom 13, 14 . This situation occurs in multi-valley systems where different valleys are related by a discrete rotation and gives rise to interesting phenomena. For example in case of AlAs heterostructure, the Hamiltonian has Z 2 symmetry which involves the operation of π/2 rotation in real space combined with interchange of the 2 valley indices. There is an interesting interplay between the Ising order and topological order. In a clean system, ferromagnetism onsets via a finite temperature Ising transition and exists without topological order at T > 0. By contrast disorder induces a random field acting on the Ising order parameter destroying the Ising order but leaving the topological order intact; the resulting phase called the QH random field paramagnet (QHRFP).
In the following we will see that these features do arise in fractionally filled Chern bands as well, specifically in multiple Chern number bands. As has been noted previously 10, 15 and we will sharpen below, multiple Chern number bands resemble Landau levels with multiple components. A central part of our analysis will be working in a limiting case where this analogy is sharp. Specifically, we will focus on a family of square lattice models with flat C = 2 bands and a wide band gap at 1/2 filling. We show that nearest neighbor densitydensity repulsive interactions pick QH Ising ferromagnets as ground states (Sec. II, III). We also study properties of domain walls germane to the QHRFP phase on lattice (Sec. II, III) and discuss the alternative interpretation of the states considered in this paper as topological Mott insulators. Our ideas can be generalized to flat C = n > 2 bands at 1/n filling (Sec. IV) and also to fillings hosting quantum Hall states with fractional Hall conductance (Sec. V). We close with a summary in Sec. VI.
Before proceeding we would like to draw the reader's attention to two related pieces of work in single Chern (C = ±1) band systems. Neupert et al 16, 17 have studied a model for Z 2 insulators with an additional global Ising symmetry-but now at fractional fillings and with a Hubbard interaction. They showed that the system exhibits Ising ferromagnetic order along with quantum Hall ordering at fillings 1/2 and 2/3. Kourtis and Daghofer 18 have presented numerical results indicating the coexistence of charge density wave order and quantum Hall order at filling 2/5 of a C = ±1 band system. We consider C = 2 band Hamiltonians on a square lattice. The analogy between C = 2 bands and multi-layer/flavor quantum Hall systems is especially transparent at a special set of points in the space of C = 2 band Hamiltonians. At these points the Hamiltonian can be written as the tensor sum of Hamiltonians associated with the two inter-penetrating square sub-lattices A and B (say) with no hopping between the sites of A and B. The Hamiltonians associated with each sublattice are identical due to translation symmetry and if they each have Chern number, C = 1, the lower band of the tensor sum Hamiltonian has C = 2. An example of such a Hamiltonian with C = 2 with just second nearest neighbor hoppings is given by
where
, ↑ and ↓ represent two kinds of orbitals at every lattice site and m is a tunable parameter which leads to a C = 2 lower band in the range (−2, 0). (We take the lattice constant a = 1.)
and |γ +, k are the eigenfunctions for the lower and upper band, respectively and E −, k , E +, k are their corresponding eigenvalues. The eigenstates are related to the old set of states by |c η, k = κ=−,+ u ηκ ( k)|γ κ, k . If we tune t → 0 and ∆ → ∞ (which can always be done by suitably added further nearest neighbor hoppings which preserve the sub-lattice tensor structure) to end up with a flat C = 2 lower band separated from the upper band by an infinitely large band gap. We then add interactions:
where V is the on-site,intra-sublattice, interaction strength and U is the nearest neighbor (NN), inter-sublattice, interaction strength. Since we are interested only in the low energy part of the many-body spectrum, we will restrict our analysis to H int. projected onto the lower flat band. H proj. can be obtained by making the change c η,
We will work at half filling. Intuitively we expect two regimes for the Hamiltonian (2). At V U the particles can efficiently avoid the NN repulsion by segregating on one sublattice while for V U they will minimize the on-site repulsion by inhabiting both sublattices. In the first regime, the many-body spectrum has 2 degenerate ground states ( Fig. 1(b) ) corresponding to fully filling the C = 1 bands that live on sublattice A/B. The reader can check that these states are always eigenstates of the projected H int as they are tensor products of the empty state on A/B with the fully filled state on B/A. By explicit computation for the case of m = −1.8 which we will use for illustration purposes in this paper, we find that they are the ground states for V < 4.3U which covers the physically interesting regime where V is not smaller than U . Both ground states break the Ising symmetry between the two sublattices or alternatively are (π, π) charge density waves, one having all its weight on the A lattice and the other on B lattice (Fig. 2) . These results can be interpreted using approximate Slater determinant ground states constructed from single particle wavefunctions which are formed from linear combinations of the Bloch states at a given k and k + (π, π) such that the wavefunctions have support only on one of the lattices. Clearly both states exhibit a Hall conductance σ H = e 2 h . For V > 4.3U the manybody spectrum does not have two degenerate ground states and hence a phase transition has ocurred.
The excitations about these symmetry broken ground states are two-fold. First there are particle hole excitations in which a hole is created on sublattice A (say) and a particle is created on sublattice B. While the quasiparticle band is flat, the quasihole band has finite dispersion. The minimum particle-hole pair creation energy asymptotes to a value which depends on the choice of C = 1 Hamiltonian. For the case of m = −1.8 it asymptotes to 4U − 0.6V . Note that this gap does not close for V < 4.3U so the transition that we report in the ground state is first order.
The second set of excitations are domain walls-across which sub-lattice occupation changes-are the topological defects of the Ising order ferromagnet discussed above. Two of the many possible orientations of these domain walls are de- picted in Fig. 3 . The energy of the domain walls is set by the interactions. For example in the case of domain wall oriented as shown in Fig. 3(b) , the energy per unit length is approximately 0.2V + 2.4U for m = −1.8. The electronic structure of these domain walls is of interest as it reflects the interaction between the topological order and symmetry breaking. In the current limit a pair of counter-propagating gapless, chiral modes of opposite sub-lattice index exist at a domain wall. In the absence of inter-sublattice hopping both sides "see" the domain wall as the boundary to a topologically trivial vacuum.
With these excitations identified we can describe the response of the state to temperature, doping and disorder. At half filling in the clean system, topological order is lost at any T > 0 by the proliferation of particles and holes which, following the standard lore in the QHE, one can think of these as vortices in the topological gauge field. [Admittedly the topological order is somewhat trivial here being that of the Integer Hall effect. We will present a fractional case later.] Domain walls are bounded in size at small T but will proliferate above a critical temperature T c leading to a finite temperature Ising phase transition. In our present limit domain walls conduct whence we expect the AC longitudinal conductivity to be sizeable on the scale of the domains and to increase sharply in the DC limit around T c . Weak doping around half filling will be accommodated by the inclusion of a density of particles/holes in the ground state. Absent disorder and for our short ranged model, doping will destroy QH order while continuing to preserve the sublattice order-whence the finite T physics described above will survive. Finally with disorder two new effects will enter. First, the physics of the random field Ising model 19, 20 will enter and restore sublattice symmetry at and near half filling. Second, disorder will localize the particles/holes leading to a quantized Hall effect for a finite range of doping.
We have described the parent state at half filling as a quantum Hall ferromagnet in the above. Here we would like to note that it is also a species of Mott insulator by which we mean a state with the constituent particles localized on account of strong interactions. Indeed, for |m| > 2, the lower band is topologically trivial (C = 0) and if we again flatten the bands as described above and add the same interactions, then the resulting state is reasonably described as a Mott insulator with additional sublattice symmetry breaking. In this case one can also construct localized Wannier states with support entirely on one of the sub-lattices, A or B and the filled band corre- sponds to a occupation of all of the Wannier states on one or the other sub-lattice. For our C = 2 system, Wannier states exponentially localized in both dimensions can no longer be defined. Nevertheless, the resulting ground state is insulating in the bulk and may be regarded as a form of Mott Chern insulator with sublattice symmetry breaking. Topological Mott phases have been previously been proposed in some very different settings [21] [22] [23] .
III. OTHER FLAT C=2 BANDS AT 1/2 FILLING
When we move away from the fixed points where the band Hamiltonians sum structure by adding inter-sublattice hopping, we expect the many body gap to generically remain stable. In Sec. II, the single-particle Hamiltonian is such that the Berry curvature corresponding to the lowest band is symmetric under translations by (π, π) in the Brillouin zone and is concentrated in two pockets in the Brillouin zone ( Fig. 1(a) ). Our earlier statements regarding the ground states should hold irrespective of the kind of Chern flux distribution. As a check, we consider a single-particle Hamiltonian H o for which the lower band's Chern flux is concentrated in only one pocket (Fig. 4(a) ). (There is always some contribution coming from the other regions of the Brillouin zone.) This can be made possible by turning on hopping between A and B lattice sites. One such instance can be given in the form of Equation 1 where and −2 < m < 0.
The new projected Hamiltonian H proj. is diagonalized for 8 particles on a 4 × 4 lattice (Fig. 4(b) ). A 2-fold degenerate ground state and a gap of order U are again observed. We also check for broken sublattice symmetry by computing the Fourier transform of ρ ( x)ρ (0) where ρ is the density operator projected onto the lowest flat band. Peaks are observed at (0, 0) and (π, π) indicating the presence of sublattice symmetry breaking (CDW order).
The response of the state to T , doping and disorder is qualitatively the same as before. The one significant difference is in the electronic structure of the domain walls. Upon inclusion of inter-sublattice hopping we may wonder whether they gap generically or are remain protected by some symmetry of the problem. This examination is partly motivated by analogous objects in the Ising quantum Hall FM in the AlAs problem 13, 14 where the domain walls are gapless to an excellent approximation. To this end we have examined domain walls in the (1,0) and and (1,1) orientations produced by the added one-body potential
where the projection is on to the lowest band of a generic Hamiltonian of the form given by Equation 1. For purposes of explicit computation below we will take H 11 ( k) = 
where t is the parameter for hopping between the two sublattices. The V ( i) corresponding to two orientations of domain wall are:
where N is the number of sites along x/y direction and we are assuming periodic boundary conditions along both x and y directions. In Equation 4, domain walls run parallel to y direction and in Equation 5 they run parallel to the diagonal. In both cases, we find a gap in the spectrum (Fig. 5 ) and this should hold for generic orientations of the walls.
IV. GENERALIZATION TO HIGHER CHERN BANDS
Our results can be generalized to flat C = n > 2 bands at filling factor 1/n . An obvious way to begin is to make a flat C = n > 1 lower band by putting n decoupled lattices together, each independently having a flat C = 1 lower band. Then one can arrange for repulsive interactions to pick the n fully occupied single sublattice bands as ground states. For example in the C = 4 case, on-site, nearest neighbor, next-nearest neighbor and next-next-neighbor repulsive interactions pick 4 degenerate ground states having both manybody Chern number C = 1 and broken sublattice/translational symmetry. Such a state is the Chern band analog of a QHFM in a system with a Z n global symmetry, examples with n = 3 are the Si (111) QH system at filling factors 1 and 5. In addition to domain walls the system will now exhibit protovortices where n distinct domains come together at a point. For n > 4 the system will also exhibit a T > 0 KosterlitzThouless phase 24 .
V. FRACTIONAL STATES
Let us return to the C = 2 band but now turn to filling 1/6 with the Hamiltonian as the one in Equation 2 plus a set of further intra-lattice and inter-lattice further neighbor repulsive interaction terms. In the decoupled limit, we can tune the intra-lattice interactions to be those that stabilize a state that forms a fractional Chern insulator state at 1/3 of a single C = 1 band 9 . Adding a sufficiently large U and a number of further neighbor inter-lattice repulsive terms of adequate magnitude will ensure that domain walls between regions which reside on one sub-lattice and the other are energetically unfavorable and thus favor a state that breaks sublattice symmetry and exhibits the topological order of the ν = 1/3 Laughlin state and a quantized Hall conductance σ H = e 2 /(3h). Evidently this construction can be repeated for other known QH states in a C = 1 Chern band.
VI. CONCLUDING REMARKS
To summarize, we found analogs of QH ferromagnets in the menagerie of fractional Chern insulator phases. The case of a flat C = 2 band at 1/2 filling is analogous to AlAs QH system at filling factor 1. The two ground states are the broken sublattice symmetry states having topological order. Unlike in the AlAs system the domain walls come naturally with gapped electronic excitations.
In future work it would be interesting to locate the phases that we have discussed in a larger phase diagram in which we restore dispersion to the band and also allow its Chern number to go through a transition. This will introduce the trivial Mott insulator/FM and the trivial and topological half filled metal into the phase diagram and it would be interesting to see exactly how the various phases fit together and the nature of the transitions between them.
